Einstein derived the energy-momentum relationship which holds in an isolated system in free space. However, this relationship is not applicable in the space inside a hydrogen atom where there is potential energy. Therefore, in 2011, the author derived an energy-momentum relationship applicable to the electron constituting a hydrogen atom. This paper derives that relationship in a simpler way using another method. From this relationship, it is possible to derive the formula for the energy levels of a hydrogen atom. The energy values obtained from this formula almost match the theoretical values of Bohr. However, the relationship derived by the author includes a state that cannot be predicted with Bohr's theory. In the hydrogen atom, there is an energy level with n = 0. Also, there are energy levels where the relativistic energy of the electron becomes negative. An electron with this negative energy (mass) exists near the atomic nucleus (proton). The name "dark hydrogen atom" is given to matter formed from one electron with this negative mass and one proton with positive mass. Dark hydrogen atoms, dark hydrogen molecules, other types of dark atoms, and aggregates made up of dark molecules are plausible candidates for dark matter, the mysterious type of matter whose true nature is currently unknown. vistic mass, the relationship can be written as follows.
Introduction
The energy-momentum relationship in the special theory of relativity (STR) holds in an isolated system in free space. Here, if 0 m is rest mass and m relati-
Here, the following inequality holds.
Sommerfeld believed that Equation (2), which can be derived from Equation (1) , can also be applied to the electron in a hydrogen atom.
Incidentally, in Bohr's theory, the total mechanical energy BO,n E of the electron constituting a hydrogen atom is given by the sum of the kinetic energy and potential energy of the electron (Here, BO E refers to the total mechanical energy predicted by Bohr).
That is,
. n n n E K V r = + (4) Here, K is the kinetic energy of the entire system, and V is the potential energy of the entire system.
In Equation (4), the energy (i.e., the sum of potential energy and kinetic energy) when the electron is separated from the atomic nucleus (proton) by an infinite distance and placed at rest there, is assumed to be zero. However, according to the STR, when an electron is at rest, it has a rest mass energy of 
Here, the kinetic energy of a hydrogen atom cannot be described with Equa-
< .
An electron previously at rest emits a photon when it is drawn into the atomic nucleus. At that time, the electron acquires the same amount of kinetic energy as the emitted photonic energy. To ensure that the law of energy conservation holds, some energy must decrease. We look to potential energy as the answer to that problem, but there is no substantiality to potential energy. Thus the author noticed that the potential energy corresponds to the reduction in rest mass . V r m c = −∆ (6) Incidentally, according to the virial theorem, the following relation holds between K and V:
The average time of K is equal to −1/2 the time average of V. Also, the sum of the time average K and the time average of the total mechanical energy E of the entire system becomes 0. That is,
Next, if Equations (7) and (8) are combined, the result is as follows:
Due to the above, n E was defined as follows: 
The Relation between Kinetic Energy and Momentum Derived from the STR Relationship
First, it is clear that the following formula holds.
Expanding the left side of this equation yields the following. 
Since this equation and Equation (1) are equal, the following relationship must hold when Equation (2) is taken into account.
The following formula is obtained from this.
Equation (15) is the formula for relativistic kinetic energy [3] . Classical (nonrelativistic) kinetic energy, in contrast, is defined as follows.
Energy-Momentum Relationship of the Electron Derived with Another Method
The author has previously derived the following relationships applicable to the K. Suto Journal of High Energy Physics, Gravitation and Cosmology electron constituting a hydrogen atom [4] .
In this paper, Equation (17) will be derived more simply by using a method different from that used previously. The logic of Equations (11) to (15) is borrowed to accomplish that purpose. Now, it is clear that the following equation holds.
( ) ( ) Next, the relativistic kinetic energy of the electron can be defined as follows by referring to Equation (15). 
Comparison of the Energy Levels of Bohr and This Paper
The author has pointed out that the following relation is contained in Bohr's quantum condition [3] (Appendix).
.
Here, α is the following fine-structure constant. 
In contrast, the following is obtained when the energy levels of a hydrogen atom are derived from Sommerfeld's formula (2).
However, when Equation (28) was derived, the v/c in Equation (2) was replaced with α/n. This replacement corresponds to quantization, for shifting from the continuous classical world to the world of quantum theory dominated by discontinuity. (27) and (28) 
Now, if a Taylor expansion is performed on the right side of Equations
α α α α α α       ≈ − + − − ≈ − − +              (29)
Discussion
1) The potential energy of the electron was defined in Equation (6), but there is the following constraint on the values that potential energy can take [7] .
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On the other hand, potential energy is given by the following formula. Here, e r is the classical electron radius. Even based on the classical perspective, it is evident that there are constraints on the distance at which the electron can approach the atomic nucleus.
Incidentally, in Equation (26), the electron has negative relativistic energy (that is, this electron has negative mass). However, if Equation (38) is taken into account, an electron at this energy level is not the electron constituting an ordinary hydrogen atom. An electron with negative energy exists near the atomic nucleus.
Here, if n r + is the orbital radius in an ordinary hydrogen atom, and n r − is the orbital radius of an electron at a negative energy level, then the ratio of the two is as follows [8] . for matter formed from one proton with positive mass and one electron with negative mass [9] [10] . A dark hydrogen atom is lighter than a hydrogen atom by about the mass of two electrons. However, the radius is extremely small, and thus it is possible to achieve a state of far greater density than ordinary matter. This is then observed as a tremendous mass.
The experiment that can demonstrate the existence of dark hydrogen is a triplet production experiment [8] [10] .
In triplet production, At present, it is thought that stars and galaxies were created in the center of dark halos, i.e., masses of dark matter. The idea is that, due to the tremendous gravity of a dark halo, surrounding atoms and matter are drawn in, and stars and galaxies are formed. At present, dark matter is believed to be a material which does not emit or absorb light. However, the dark hydrogen atoms and other dark atoms presented in this paper do emit and absorb photons. However, the photons emitted from these dark atoms are not energetically distinguishable from photons emitted from ordinary atoms. Normal hydrogen atoms can be produced if dark hydrogen atoms are irradiated with gamma rays of about 
Conclusions
The relationship in the STR, which holds for an isolated system in free space, is given by the following formula.
In contrast, the author has previously derived an energy-momentum relationship applicable to an electron in a hydrogen atom where there is potential energy. This is the following formula.
( ) ( ) In this paper, Equation (41) was derived using a method simpler than that used before. Since this single formula was logically derived using two different methods, the author believes the correctness of Equation (41) has been proven.
From Equation (41), it is possible to predict more exact values than the energy levels of a hydrogen atom derived from Bohr's classical quantum theory. Also, it can be predicted that, when Equation (41) is solved, there is an n = 0 energy level in a hydrogen atom, and that a state exists where relativistic energy levels are negative.
Matter with negative energy levels is formed from a proton with positive mass and an electron with negative mass. The author has given the name "dark hydrogen" to this matter. This matter is a strong candidate for dark matter, whose true nature is currently unknown.
However, the dark matter problem may be solved also through the extended theories of gravity [13] .
